A cluster consisting of many atoms or molecules may be considered, in some circumstances, to be a single large molecule with a well defined polarizability. Once the polarizability of such a cluster is known, one can evaluate certain properties, e.g. the cluster's van der Waals interactions, using expressions derived for atoms or molecules. In the present work, we evaluate the static polarizability of a cluster using a microscopic method that is exact within the linear and dipolar approximations. Numerical examples are presented for various shapes and sizes of clusters composed of identical atoms, where the term "atom" actually refers to a generic constituent, which could be any polarizable entity. The results for the clusters' polarizabilities are compared with those obtained by assuming simple additivity of the constituents' atomic polarizabilities; in many cases, the difference is large, demonstrating the inadequacy of the additivity approximation. Comparison is made (for symmetrical geometries) with results obtained from continuum models of the polarizability. Also, the surface effects due to the nonuniform local field near a surface or edge are shown to be significant.
INTRODUCTION
The polarizability is one of the important properties of atoms and molecules, with a wide variety of applications [1, 2] . For example, we have used the atomic or molecular polarizability in computations of the van der Waals (VDW) interaction between clusters of various shapes by adding two-body and three-body VDW interactions between constituent atoms [3] [4] [5] . A more efficient way (exact at large separation) to evaluate the VDW interaction between clusters of arbitrary shape would be to consider each cluster as a single large molecule with a well defined polarizability tensor and use expressions derived for the VDW interaction between molecules.
There is a body of experimental and theoretical information concerning these quantities, primarily for the case of metallic clusters [6] [7] [8] . The present study was motivated by the desire to extend that database to include dielectric clusters. We have carried out that extension by a series of calculations based on either continuum models or a microscopic theory, describing discrete models of atoms located at a set of lattice sites. By the term "atom" we mean an entity lacking a permanent dipole moment; the case of such moments requires separate treatment, which will be undertaken in the future.
In the next section, we present the basic formalism of the microscopic method and evaluate the static polarizabilities of clusters composed of a single species of atom. For a given cluster, this is achieved by determining self-consistently the induced dipole moment of each constituent atom, which is polarized by the local electric field. The latter is a sum of the applied external electric field and the internal field provided by induced dipole moments of neighboring atoms [2, [9] [10] [11] . This method is exact in the linear and dipolar approximation limit. An alternative continuum model approach yields values that can be compared with the discrete model. The main results are (i) numerical results for the dependence of the cluster polarizability tensor on size, shape, orientation, and substance, (ii) analytical results for the asymptotic polarizability in the large size limit, and (iii) a description of the surface effect due to the nonuniform local field within the cluster. Our results are summarized and diverse applications are discussed in Section III.
II. THE STATIC POLARIZABILITY OF A ONE COMPONENT CLUSTER
The idea behind the microscopic method we employ is simple [2, [9] [10] [11] . When a static external electric field is applied to a cluster of atoms, each atom develops an induced dipole moment that depends on both the applied field and the field resulting from all other induced dipoles. This local-field effect is responsible for atoms' having nonuniform polarization. Hence, the polarizabilty of the cluster differs from what one would obtain from a simple addition of atomic polarizabilities. The formalism of this microscopic method is straightforward and briefly summarized in order to introduce the notation.
The local microscopic electric field ( loc E ) at the site of an atom within a cluster is generally different from the macroscopic electric field. The local field at the position of the j-th atom (
loc j E ) is a sum of the applied macroscopic electric field ( 0 E ), originating from an external source, and the internal field at that site ( j , int E ) due to the field created by the induced dipoles of neighboring atoms [9] [10] [11] :
Here, (2) and (5):
The numerical solution of these coupled equations yields the induced dipole moment of each atom [2] . One can obtain all nine elements of the polarizability tensor cluster α by rotating the cluster with respect to the direction of the external applied field. For completeness, we summarize the key approximations used to obtain this polarizability: static linear response, the assumption of point dipoles on lattice sites, the neglect of higher order multipoles, and the assumption that the atomic polarizabilities are not affected by their environments.
For comparison with this result for cluster α , we evaluate a naive approximation to the cluster polarizability by ignoring local fields and adding the individual atomic polarizabilities. Within this "additivity approximation", the polarizability cluster α would equal atom Nα . Therefore, in the following, we focus our attention on a dimensionless ratio f, the "enhancement factor":
In spite of the name, we will find values of 1 > f for some situations while 1 < f for others.
One might refer to the latter case as "screening" and the former case as "anti-screening".
In the present work, the static polarizabilities of clusters are investigated for several shapes, sizes and orientations: linear clusters (with dimensions Table I ), the value of which is obtained from the known bulk density s n of each substance [5] ; the lattice constant is the unit of length, except for spheres. For a better description of the spherical configuration, face centered cubic lattice sites are adopted for spherical clusters, keeping the same bulk density. The calculations proceeded over the specified range of size up to saturation at an asymptotic limit, or else (in the case of square monolayer clusters) until a computational limit arose.
For quantitative estimates, we use atomic polarizabilities and lattice constants of substances such as silica, hexane and sapphire, as listed in Table I [5] . These "atomic" polarizabilities are derived using the Clausius-Mossotti (CM) relation and known dielectric spectra for n-hexane 
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). The dielectric spectra come from absorption measurements, giving the loss modulus ( ' ' ε ) at real frequencies (ω ); a KramersKronig relation then transforms this function to the real function at imaginary frequency, )
( ω ε i .
The complexity of the spectra makes it inappropriate to use an alternative, simple Drude model.
In Fig. 1 , values of the computed enhancement factor f for cubic clusters are shown as a function of N. Due to symmetry, the polarizability of a cubic cluster is isotropic. As N increases, f increases and approaches an asymptote that depends on the specific substance. For clusters with asymmetric shapes, cluster α is anisotropic and f has a striking orientation dependence to its variation with N (which will be explained below). For either linear clusters or square prisms, f increases (decreases) with N as the long dimension of the cluster lies along (perpendicular to) the external applied field, approaching an asymptotic value, as shown in Fig. 2 for linear clusters.
Qualitatively similar anisotropic behavior is also observed for a square monolayer cluster, as shown in Fig. 3 . There is a consistent and expected dependence on the substance polarizability for all clusters with various shapes, sizes and orientations. Specifically, these exhibit successively larger values of 1 − f in the order hexane, silica and sapphire. This ordering is that of the product atom s n α (as listed in Table I ), indicating that large magnitude corrections to additivity occur when the atomic polarizability per unit volume of the cluster is large, as expected.
In addition to the approach to the asymptotic limits, one other general observation can be made about the data in Figs before reaching the uniform bulk value. We will call this thickness the "penetration depth". Note that this depth is very small (~ 1 0 a ) when the field is parallel to the given edge (Figs. 4 and 5(a)). This depth is much greater when the edge is perpendicular to the field. The value is ~ 6 0 a for linear clusters (Fig. 7) and ~ 10 0 a for square monolayers (Fig. 5(b) ). The different behavior for the two edge orientations may be explained by comparing the coupling between two simple pairs of identical dipoles ( p ) separated at a distance d; one pair lying along and another pair lying perpendicular to the orientation of dipole moments. When the dipoles lie along (perpendicular to) the direction of their dipole moments, the interaction is attractive (repulsive) and the magnitude is
). These two pairs correspond to the induced dipoles in a cluster aligned along and perpendicular to the external field, respectively. Therefore, the dipole interaction due to neighboring dipoles in the former case is stronger (by factor of 2) and thus effectively extends over longer range, resulting in a smooth conversion over the larger penetration depth than that in the latter case. Secondly, the penetration depth of 6 and 10 atomic lattice spacing for linear and square monolayer clusters in case of 1 > f corresponds well to the size of the cluster where the inflection point is observed in Figs.1-3 . On the other hand, in the orientation with 1 < f where no inflection point is observed, the penetration depth is found to be only one atomic lattice spacing. Therefore, we reach a plausible conclusion that the inflection points indicate the critical size where the penetration depth becomes the same order of magnitude as the cluster size.
For a comparison, the polarizability of a spherical cluster is calculated. Unlike the cubic cluster, for large N, f decreases as N increases [see Fig. 8 ]. The data in Fig. 8 show some "scatter" because the discrete lattice representation of the sphere is oversimplified for small radius. Note that the size dependence of 1 − f is shown to be proportional to 1 − R , which is the ratio of the surface area to the volume of the sphere while the magnitude f stays very close to the analytic result of 1 (as derived from continuum theory below). This empirical trend demonstrates that the deviation of f from unity arises from the surface penetration region.
We have investigated the asymptotic values of f by evaluating the polarizability in two other ways: one is an analytic solution for an infinite size cluster (i.e., ∞ = L ) in which each atom is assumed to have the same dipole moment, ignoring the surface effect. The other basis for comparison is an analytic solution, based on continuum theory, where a cluster is taken to be a dielectric ellipsoid [14] . The derivations of the analytic expressions listed in Table II are presented below.
The polarizability of an infinitely long chain of polarizable atoms lying along the external applied field is evaluated as follows. The moment on each atom is assumed to point along the chain; because each moment has the same magnitude, the result is evaluated from Eq. (6), [15] . Now, the dipole moment on an atom becomes 
Hence, the polarizability of the infinite chain satisfies
where, 3 0 − = a n s is used. The polarizabilities of other infinite size clusters are evaluated similarly and listed in Table II .
The polarizability along one of the principal axes of a dielectric ellipsoid when an external field is applied parallel to one of its principal axes may be found in Refs. 12 and 16. Once the polarizability is expressed in terms of ε , the CM relation is utilized to express the cluster polarizability in terms of the atomic polarizability. For example, for a sphere (of radius a ) in a vacuum, the polarizability is isotropic, 
From eqs. (11) and (12), we obtain
Hence, the enhancement factor f of a dielectric sphere equals 1. The analytic expression for the static polarizabilities and the enhancement factors for other shapes of spheroidal dielectric are similarly obtained and listed in Table II .
The values of f from the analytic expressions in Table II for two large-size limit cases are in good agreement with the asymptotic values for all shapes (see Table III ). The agreement between the asymptotic values of the polarizability of a large cluster ( 1000 ≈ N ) and those determined from the analytic expressions for infinitely large clusters, indicates that a cluster larger than 1000 ≈ N may be considered to be a continuum and the CM relation applies. For clusters of smaller size, however, the discrete nature of atoms comprising the cluster and the finite-size effect should be considered explicitly, as done in the present calculation, and the CM relation is not applicable. Note that there are larger discrepancies observed for sapphire clusters than other substances. This is because they have the largest value of 
III. DISCUSSION AND CONCLUSION
Our study delineates the limits of the continuum and additivity approximations for polarizability. In all cases studied, regardless of the shape and orientation of clusters, the continuum approximation held fairly well for 1000 > N , meaning that ) (N f reached an expected asymptotic value. However, the additivity assumption ( 1 = f ) is inconsistent with virtually all results. Additivity worked best for spheres and fairly well for the cubes. Even for sapphire (very high n s α), the asymptotic values of f are close to one ( f = 1.018 and 1.13 for a sphere and a cube, respectively). Thus, f = 1 is a useful approximation for a sphere or a cube.
On the other hand, for an asymmetric cluster, such as a line or a square monolayer, the additivity approximation fails drastically. The enhancement factor is as high as 2 to 9 for linear clusters parallel to an applied electric field, whereas f is not diminished by nearly this amount for linear clusters perpendicular to the applied electric field (Fig. 2) . That is, f values do not go below 0.7, even for sapphire. This may be explained in relation to the arguments we made above with simple pairs of two identical dipoles. The dipole interaction in cases with 1 > f has stronger magnitude (factor of 2) and thus extends effectively over larger range than that in cases with
. Another interesting point noted is that when f exceeds one, the function ) (N f has an inflection point near 10 ≤ N in all cases. This inflection point is explained as the critical cluster size where the penetration depth becomes same order of magnitude with the cluster size.
A similar coupled dipole model was evaluated for diatomic molecules of chlorine, iodine, hydrogen chloride, and others listed in Table IV . Atomic polarizabilities and radii were used to compute the molecular polarizability. Due to the small size of the molecules, and therefore the rapid rotation, an orientational average of the polarizability was taken, with a uniform probability of the molecular orientation. It is seen that those molecules with small atoms and small bond lengths (e.g., hydrogen, nitrogen) are predicted to have an unphysical ferroelectric behavior, since the covalent sharing of electrons invalidates such a simple model.
However, results for the molecular polarizability of molecules with larger atoms (e.g., chlorine)
are roughly consistent with experimental results. That is, even cases of covalent bonding for large atoms can be treated using the simple dipole model for polarizability. In these, we first assume that each molecule is made of two interacting atoms (1 and 2) with separation distance d, and then a molecular polarizability tensor for the cluster is obtained as where n is the unit separation vector. The detailed derivation of eq. (14) is presented in Ref. 12 .
The molecule can rotate to all angles, and we will assume that all orientations are equally probable in an applied electric field. The final average polarizability of a diatomic molecule can then be represented as a scalar: There exist several applications of our results. One is the polarizability values themselves. A second is their use in computing VDW interactions, which we describe in detail elsewhere [19] . As an example of the nonadditivity effects on the VDW interactions, we describe one case, a spherical atom interacting with a long ( 100 > L ) linear cluster oriented parallel or perpendicular to their separation vector. At large separation, the interaction is said to be "fully retarded", in which case one needs to know only the static polarizability of the cluster. A factor R describes the increase in the interactions compared to the result based on additivity, and showing that the exact non-additivity effect is non-negligible and is always attractive, unlike the three-body interaction contribution to the non-additivity which is attractive and repulsive in parallel and perpendicular orientations, respectively. Thus, the three-body term may have a completely misleading sign.
One may also use the nonuniform distribution of polarization within a cluster obtained in the present calculation as an input to the discrete dipole approximation (DDA) method. The DDA was originally proposed by Purcell and Pennypecker [20] and has been extensively used to calculate scattering and absorption of electromagnetic waves by targets (or clusters) with arbitrary shapes [21] . In the DDA the electromagnetic properties of a scatterer are described by those of a collection of coupled electric dipoles residing on cubic lattice sites. Therefore, the central quantity in the DDA is the electric dipole moments. Historically, in the DDA, a uniform polarization within a cluster has been assumed. However, there was a discrepancy between the spectra from DDA and those from experiments [21, 22] . Very recently, there has been an attempt to associate this discrepancy with the possible non-uniformity of the polarization within a cluster [22] , which is exactly the result we obtained in the present study. In principle, one can use the microscopic method presented here to obtain the nonuniform distribution of polarization within an arbitrary shape cluster of interest and use these as input dipole moments for DDA-based applications.
In summary, our study reveals the limits of the continuum and additivity approximations for the static case of nonpolar nano-size systems. We also found that for a finite-size cluster, the surface effects due to the nonuniform local field near a surface play a very important role. We are currently studying more complex behavior, such as that for polar molecules (e.g., water). We are also evaluating the dynamic polarizability of finite-size clusters using a similar microscopic method, employing dynamical atomic polarizabilities. That study will allow us to examine all resonance peaks (including bulk and surface plasmons) in the cluster and shed light on the scattering and absorption spectra of finite-size clusters of arbitrary shape.
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